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Abstract 
 We propose quantum-mechanical model of a beam splitter with second-order nonlinearity and 
show that non-classical features such as squeezing and sub-Poissonian photon statistics of optical 
fields can be generated in output fundamental and second harmonic modes when we mix coherent 
light beams via such a nonlinear beam splitter. 
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1. Introduction 
 Non-classical features of optical field such as squeezing, antibunching, and sub-Poissonian 
photon statistics, have been intensively investigated in quantum optics [1]. Many of these features are 
now well understood theoretically and observed experimentally and attract considerable attention not 
only because they cast a new light on some fundamental questions about quantum electrodynamics, 
but also because of many practical applications such as high-precision measurements [2], optical 
communications [3], optical information processing [4]. Such applications rely on the possibility of 
reducing the quantum fluctuations of light below the so-called standard quantum limit. Generation of 
these non-classical features still remain an open question, notwithstanding a number of attempts have 
been done since their introduction [1]. 
Beam splitter, an important device in quantum optical experiments, has been used to change one 
type of non-classicality to another [5]. It is one of the most widely used innocent looking optical 
components in any quantum optics laboratory that are understood completely by classical treatment 
using only linear interactions. Also several attempts have been made in order to understand the 
quantum mechanical behavior of the lossless beam splitter [6]. Beam splitters are the key elements in 
interferometers [7], frequently used in the detection of non-classical features, squeezing, and recently 
it is becoming an important device in the context of rapidly growing quantum information technology 
as it can generate entanglement [8]. These developments in the study of beam splitters are based on the 
assumption that it is made up of such a material so that it behave as a linear lossless device. An ideal 
beam splitter is a reversible, lossless device in which two incident beams may interfere to produce two 
emerging beams. Excitations of physical phenomena does not lie in its linearization but in its 
nonlinearization and, therefore, one may ask a natural question that what will happen when the beam 
splitter is made up of nonlinear material? How, then, the input / output mode operators will be related? 
Can a beam splitter, which is made up of nonlinear material, generate non-classical features of optical 
field in itself if one injects classical light beam through it? These are the basic questions, which 
prompted us to investigate the quantum mechanical behavior of a beam splitter that is made up of a 
nonlinear material.  
Prior to going into detailed about our work, let us first make a brief look on the developments in 
the field of nonlinear beam splitter studies. Some attempts have been made to study the problem of 
nonlinear beam splitter found in the literature. Deutsch [9] gave a very nice scheme of a lossless Kerr 
nonlinear beam splitter and proposed that a weak Kerr-nonlinear beam splitter might serve to generate 
non-classical fields. On detailed investigation of this paper, we [10] found that the transformed 
annihilation and creation operators do not obey the bosonic commutation relation even up to first order 
in the nonlinearity, although Deutsch points out that each transformed operator must obey separately 
the bosonic commutation relation. Belinsky & Granovskiy [11] studied about separation of quantum 
fluctuations into amplitude and phase fluctuations and predicted possible applications in rapidly 
developing quantum cryptography. Belinsky & Shulman [12] presented a review on beam splitter 
exhibiting Kerr nonlinearity. Perinova, Luks and Krepelka [13] introduced beam splitter with second-
order nonlinearity with the aid of differential equations for co-propagation and for counter-propagation 
and showed its use for the sub-Poissonian statistics. Pezzé et al. [14] studied a Bose-Einstein 
condensate beam splitter, realized with a double well potential of tunable height. 
Intent of the present letter is to report a scheme of 'beam splitter having second order nonlinearity' 
[15] upto the lowest order in perturbation, we abbreviate it as the BSSN throughout the letter, and 
assume that the BSSN is made up of noncentrosymmetric crystals which lack inversion symmetry and, 
therefore, possess a non-zero 
)2(
ijk  [16]. It is found that squeezing and sub-Poissonian photon statistics 
of optical fields are generated in output second-harmonic mode when we mix coherent light beams via 
such a nonlinear beam splitter. This result is remarkable because of our simplicity of the model of 
BSSN. 
 
2. The Beam Splitter Model with Second-Order Nonlinearity (BSSN) 
 A lossless beam splitter is a linear four-port device in which the two radiation modes enter, 
interfere with each other, and leave it. If aˆ  and bˆ  are the boson annihilation operators of the input 
modes and that of output modes are cˆ  and dˆ , the input/output relation [17] of the linear beam splitter, 
in a more simpler way, is 
aˆribˆtdˆ;bˆriaˆtcˆ                                                                    (1) 
where r  and t  are the real amplitude-reflection and transmission coefficients, obeying 1tr 22  , of 
the beam splitter. Such a mixing at the linear beam splitter is described by a unitary transformation 
[18]. 
 For linear materials, relation between macroscopic polarization )t,r(P

 and  electric field E

 
is : E)t,r(P 0

 , where   is the susceptibility tensor characterizing the material. Nonlinear 
response of the medium to an exciting electric field may be thought of as originating from a 
nonharmonic potential of the electrons in the media. As such a nonlinear response is usually small 
effect, it can be captured well by a Taylor expansion of the   Polarization )t,r(P

 induced in the 
medium in terms of the electric field E

, in the form [19]  
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The lowest-order nonlinear contribution to energy is represented by 
)2(
ijk . Noncentrosymmetric 
crystals can possess a nonvanishing 
)2(
ijk  tensor which is responsible for the generation of light at the 
second-harmonic frequency. Second-harmonic generation, also known as frequency doubling, is a 
process in which a mode at frequency   (with annihilation operator aˆ ) couples through a nonlinearity 
with a mode at frequency 2  (with annihilation operator Aˆ ) and it was first achieved in laboratory in 
1961 [20]. The Hamiltonian describing this process for a lossless medium is ( 1c   ), 
)AˆaˆAaˆ(gAˆAˆ2aˆaˆHˆ †2†2††  , where g is the coupling constant between the two modes 
which contains the nonlinear susceptibility )2(  [21]. Then 0]Hˆ,Nˆ2Nˆ[ Aa   and hence the sum 
Aa Nˆ2Nˆ   is a constant of motion, aˆaˆNˆ
†
a  , and AˆAˆNˆ
†
A  . Therefore, two photons of the 
fundamental mode are absorbed for every harmonic photon emitted. We denote annihilation operators 
of fundamental modes by small letters and second harmonic mode by capital letters. It is assumed that 
the phase matching requirement hold and coupling constant g is appreciable. 
 If the beam splitter is made up of a material such that it mixes fundamental mode aˆ  as well as 
its second harmonic mode Aˆ  with that of mode bˆ  and its second harmonic mode Bˆ (Fig. 1), then the 
output modes with corresponding operators )Cˆ,cˆ(  and )Dˆ,dˆ(  can be written as, 
BˆbˆzAˆbˆzBˆaˆzAˆaˆzbˆiraˆtcˆ †4
†
3
†
2
†
1ff                    (3a) 
BˆbˆzAˆbˆzBˆaˆzAˆaˆzaˆirbˆtdˆ †1
†
2
†
3
†
4ff                    (3b) 
bˆaˆw)bˆaˆ(w)bˆaˆ(wBˆirAˆtCˆ 3
22
2
22
1ss                    (3c) 
bˆaˆw)bˆaˆ(w)bˆaˆ(wAˆirBˆtDˆ 3
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1ss  .                                                          (3d) 
Here )t,t( sf  and )r,r( sf  are real transmission and reflection coefficients for amplitudes. Suffixes f 
and s refer to fundamental and second harmonic modes. These equations involve besides known 
coefficients s,fr  and s,ft , fourteen unknown real constants in seven coupling coefficients 4,3,2,1z  and 
3,2,1w . Such a perturbation expansion can be easily justified on the basis of the fact that if the 
fundamental modes vary according as 
tie  , then the second harmonic modes will vary as 
ti2e  . To 
find the complex coupling constants z and w, we make use of the following properties: 
(i) Commutation relations of boson operators to first order in z and w, viz, 
           1]cˆ,cˆ[ †  , 1]dˆ,dˆ[ †  , 0]dˆ,cˆ[  , 0]dˆ,cˆ[ †  , 1]Cˆ,Cˆ[ †  , 1]Dˆ,Dˆ[ †  , 0]Dˆ,Cˆ[  , 
0]Dˆ,Cˆ[ †  , 0]Dˆ,cˆ[  , 0]Dˆ,dˆ[  , 0]dˆ,Cˆ[  , 0]dˆ,Dˆ[  . 
(ii) Energy conservation, as expressed by 
)BˆBˆAˆAˆ(2bˆbˆaˆaˆ)DˆDˆCˆCˆ(2dˆdˆcˆcˆ ††††††††  , and 
(iii)        Principle of optical reversibility [18, See also 22], which states 
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†  for the linear beam splitter case, Uˆ  being the unitary matrix, 
necessitating the change cˆaˆ  , dˆbˆ  , CˆAˆ  , DˆBˆ  , ii   which results in 
*
jj zz    and 
*
jj ww  . 
  For simplicity of calculations, let us take 21tt ff  , but keep the option of different 
transmission/reflection coefficients for the second harmonic and write  cost s ,  sinrs . Then, 
Eqs. (3) can be written as 
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Using Eqs (4), we get 
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The principle of optical reversibility [18, See also 22] allows us to equate Eq. (5) with 
DˆdzCˆdˆzDˆcˆzCˆcˆz)dˆi-cˆ(aˆ †*4
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†*
12
1                                                                 (6) 
which is obtained from Eq. (4a) by making transformations cˆaˆ  , dˆbˆ  , CˆAˆ  , DˆBˆ  , ii   
which results in 
*
jj zz   and 
*
jj ww   . If we define  )2)(iexp{ziYXZ jjjj  , the 
comparison of Eq. (5) and Eq. (6) gives 21 YY  ,  43 YY  , and  
}2)4(iexp{)ZZZZ(ZZZZ 4321
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1  .                                (7) 
If we put  i0004321 eR4)iYX(4ZZZZ , defining real constants 

4
, 0R , 0X  and 
0Y  real, Eq. (7) gives, 031 Y2YY   and 04321 X4XXXX  . Similarly, if we put 
Y2YY 31  , and define a real constant Y, we have 
201 YsinRYY  , 403 YsinRYY  , and  cosR4XXXX 04321 .           (8) 
The commutation relation 0]dˆ,cˆ[   provides us one more result 0iZiZZZ 4321  , i.e., 
21043 YYsinR2Y2XX  , and Y2XX 21  340 YYsinR2   and hence 
 cosR4X4Y4XXXX 004321 , i.e.,  cosRY 0 . These gives 
 sinR 2)cos(sinRY 001 ,                     (9a) 
 sinR 2YY 012 ,          (9b) 
 cosR 2Y 03 ,           (9c) 
 cosR 2YY 034 ,          (9d) 
 cosR 22XX 021 ,          (9e) 
and  
 sinR 22XX 043 ,          (9f) 
and define real coefficients 12X  and 34X  given by  
 cosR 2XX 0122,1  &  sinR 2XX 0344,3  .                                                       (10) 
All these enable us to simplify and write 
2)(i
0
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122,1 eR 2eXz
   & 2)(i0
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344,3 eR 2ieXz
  .                   (11) 
Application of principle of optical reversibility and commutation relations, then, reduce the number of 
eight unknown real constants represented by four iz ’s to three, viz., 12X , 34X , and 0R . 
Now, applying the same procedure as above, from Eq. (4c) and Eq. (4d) we get for the case 
second-harmonic mode 
  i222
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32
i e)dˆcˆ(we)dˆcˆ(wsinDˆicosCˆAˆ  i1 edˆcˆiw2  and 
similar application of principle of optical reversibility [18, See also 22], we get  i32
i*
1 eww , 
 i2
*
2 eww , 
 i1
*
3 eiw2w . Taking 
2i
2 iMew
 , M being a real constant, we can write 
  i*1
2i2222
1 ebˆaˆiw2e)bˆaˆ(iM)bˆaˆ(wsinBˆicosAˆCˆ ,                          (12a) 
  i*1
2i2222
1 ebˆaˆiw2e)bˆaˆ(iM)bˆaˆ(wsinAˆicosBˆDˆ .                                 (12b) 
But for our BSSN model, the restriction of energy conservation given by Eq. (4) gives us 0RM 0   
and ]2iexp[)iXX(w 123422
1
1  , and, therefore, ]2)(iexp[Xzz 1221     & 
]2)(iexp[Xzz 3443  . These results can be used to write, with )iexp(22iXX 1234  , 
the input/output relations for BSSN as 
2i††
2
1 e)BˆAˆ)(cosbˆsinaˆ(2i2)bˆiaˆ(cˆ  ,                                                    (13a)                      
2i††
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2)2(i2)2(i22 ebˆaˆi2e)bˆaˆ(sinAˆicosBˆDˆ   .                                             (13d)    
Thus, finally, we are left with only two constants   and   which depend on the nonlinearity material 
of which the BSSN is made up of. Eqs. (13) are the input/output relations of the BSSN having second 
order nonlinearity if we mix two two-mode light beams (one is in fundamental whereas another is in 
second harmonic mode).  
 
3. Generation of non-classical features by BSSN and discussion of the results 
 For radiation with annihilation operator aˆ  and with general quadrature )eaˆeaˆ(Xˆ
ii†
2
1 
  , 
the radiation will exhibit squeezing if 0)Xˆ(
4
12    and sub-Poissonian photon statistics 
characterized by a negative value of Mandel’s Q-parameter, Nˆ)Nˆ)Nˆ((Q 2   with aˆaˆNˆ † .  
Now we investigate the possibilities of generating these non-classical features by BSSN in the 
output fundamental as well as the output second-harmonic mode at port ‘c’, if we mix two coherent 
beams in states  ,   in the fundamental modes and the input second-harmonic modes are in 
vacuum state, i.e., no second harmonic signal is present at both of the inputs. For simplicity of 
calculations, we take real amplitudes of coherent states, x  and y , x and y being real positive 
quantities. Then, the squeezing in output fundamental mode (say ‘c’) occur if   
                  0)]yx(2))[cos(yx()Xˆ(
2
1
4
12   ,                                       (14) 
 i.e., if 1)yx(2   for 
2
1 . Sub-Poissonian photon statistics in output fundamental mode 
(say ‘c’) occur if   
                      ])yx(161[Q 22
2
1   < 0,                                                                                  (15) 
i.e., if 1)yx(4  . Sub-Poissonian photon statistics in output second harmonic mode (say for ‘C’) 
occur for negative value of  
]2sin)yx(xy4yx6yx[yx)yx)(2sinxy4yx(16Q 2222442222222  ,               (16) 
i.e., if 02sinxy4yx 22  . A simple example may be x = y and 
2
12sin1  , i.e., 
124
--   . Squeezing in output second harmonic mode (say for ‘C’) occur for negative value of  
                 )2sin1)(yx)(xy4yx()Xˆ( 22222
2
1
4
12                                              (17) 
Therefore, squeezing can occur in output second-harmonic mode if 0)xy4yx( 22   and we take 

4
1
2
1 , irrespective of the BSSN property which is determined by   provided 12sin  . 
Therefore, we can see that the non-classical features such as squeezing and sub-Poissonian 
photon statistics can be generated if we mix two coherent beams via the nonlinear beam splitter having 
second order nonlinearity. Coherent beams with real amplitudes x and y of the fundamental mode and 
also the corresponding second-harmonic mode in vacuum state, when mixed via the nonlinear beam 
splitter having second-order nonlinearity, the output fundamental mode (say for ‘c’) exhibits 
squeezing if 1)yx(2   and it exhibits sub-Poissonian photon statistics if 1)yx(4  . We note 
that squeezing is seen to occur at low intensities and sub-Poissonian statistics at larger intensities.  
Further, the output second-harmonic mode (say for ‘C’) exhibits sub-Poissonian photon 
statistics if 0sinxy4yx 22  , which may occur for x = y and 
2
12sin1  . It exhibit 
squeezing if 0)xy4yx( 22  . This should be important because second-harmonic generation is 
relatively straightforward compared to other nonlinear interactions and it can have relatively high 
conversion efficiency. The conversion efficiency is defined as the ratio of second-harmonic power 
generated to fundamental power input. In order to make such a beam splitter, and the study of this 
letter relevant, all that we need is that the modes have polarizations in one direction only. Thus, if we 
have all input modes (two fundamental and two second harmonic) polarized along, say, z-direction, 
we need generation of nonlinear polarization also only along z-direction. Hence, we must consider 
materials for BSSN which have 0zzz   but zzx  and zzy  = 0. Many such examples of non-
centrosymmetric crystals exist [15]. One such example is an orthorhombic mm2 crystal. Contributions 
from these materials to second harmonic generation can be due to bulk dipole and quadrupole terms, 
and/or surface dipole terms resulting from broken inversion symmetry [23]. All gases, amorphous 
materials like glass or polymers, and a large number of crystalline materials do not exhibit this type of 
nonlinear response to an external electrical field. Second harmonic generation is a phenomenon for 
optical frequency conversion in which the color of light is changed has numerous applications in 
physics and technology. Ability to manipulate the color of light, and in particular, quantum states of 
light, can be an extremely important resource from the perspective of quantum information processing 
[24]. Masada [25] introduced the development of frequency doubler as a pump source for squeezer for 
applications in quantum radar. It is expected that according to this study, therefore, BSSN may play an 
important role in quantum optical experiments which are becoming of intense interest in the study of 
optical quantum information processing. 
 
Acknowledgement: Authors acknowledge fruitful discussions and suggestions with Prof. N. Chandra 
and Prof. R. Prakash.   
 
References 
[1] H. P. Yuen, ‘Non-classical Light’. In: Photons and Quantum Fluctuations (E. R. Pike and H. 
Walther, eds.), pp. 1-9. Adam Hilger, Bristol, 1988; V. V. Dodonov 2002 J. Opt. B: Quantum 
Semiclass. Opt. 4 R1-R33; N. Chandra and H. Prakash 1970 Phys. Rev. A 1 1696-1698; D. Stoler 
1974 Phys. Rev. Lett. 33 1397-1400; H. Paul 1982 Rev. Mod. Phys. 54 1061-1102; L. Davidovich 
1996 Rev. Mod. Phys. 68 127-173; H. Prakash and D. K. Mishra 2006 J. Phys. B: At. Mol. Opt. 
Phys. 39 2291-2297; H. Prakash and D. K. Mishra 2007 J. Phys. B: At. Mol. Opt. Phys. 40 2531-
2532. 
[2] Y. Yamamoto and H. A. Haus 1986 Rev. Mod. Phys. 58 1001-1020. 
[3] H. P. Yuen and J. H. Shapiro 1980 IEEE Trans. Inf. Theory IT-26 78-92. 
[4] Ulrik L. Andersan, Jonas S. Neergaard-Nielsen, Peter van Loock & Akira Furusawa 2015 Nature 
Physics 11 713-719. 
[5] M. Dakna, T. Anhut, T. Opatrny, L. Knoll, D.-G. Welsch 1997 Phys. Rev. A 55 3184-3194; A. I. 
Lvovsky and J. Mlynek 2002 Phys. Rev. Lett. 88 250401-4; D. K. Mishra 2007 Acta Physica 
Polonica A 112 No. 5 859-864; H. Prakash and D. K. Mishra 2007 Optics & Spectroscopy 103 
145-147; H. Prakash and D. K. Mishra 2007 Eur. Phys. J. D 45 363-367. 
[6] R. A. Campos, B. E. A. Saleh and M. C. Teich 1989 Phys. Rev. A 40 1371-1384; U. Leonhardt 
2003 Rep. Prog. Phys., 66 1207-1249. 
[7] C. M. Caves 1981 Phys. Rev. D 23 1693-1708; R. Demkowicz-Dobrzanski, M. Jarzyna and J. 
Kolodynski 2015 Progress in Optics 60 345-435; B. P. Abbott et al. 2016 Phys. Rev. Lett. 116 
061102(16). 
[8] S. Scheel and D.-G. Welsch 2001 Phys. Rev. A 64 063811; M. S. Kim, W. Son, V. Buzek, and P. 
L. Knight 2002 Phys. Rev. A 65 032323-032330. 
[9] M. Deutsch 2002 Phys. Rev. A 66 023814. 
[10] H. Prakash and D. K. Mishra 2010 Optics Letters 35 2212-2214. 
[11] A. V. Belinsky and A. A. Granovskiy 2011 JETP Letters 93 495-497. 
[12] A. V. Belinsky and M. Kh. Shulman 2014 Physics-Uspekhi  57 (10) 1022-1034. 
[13] V. Peřinová, A. Lukš and J. Křepelka 2011 Phys. Scr. T143 014020. 
[14] L. Pezzé, A. Smerzi, G. P. Berman, A. R. Bishop, and L. A. Collins 2006 Phys. Rev. A 74 
033610. 
[15] Preliminary version of this work has been reported in H. Prakash and D. K. Mishra 2008 Bull. 
APS 53 900. 
[16] R. W. Boyd, Nonlinear Optics (San Diego: Academic Press, 1992), pp.44 - 49. 
[17] Hans-A. Bachor, “A Guide to Experiments in Quantum Optics”, (Wiley-VCH, Federal Republic 
of Germany, 1998), p.102. 
[18] U. Leonhardt 1993 Phys. Rev. A 48 3265. 
[19] L. Mandel and E. Wolf, Optical Coherence and Quantum Optics (Cambridge University Press, 
Cambridge, 1995). 
[20] P. Franken, A. E. Hill, C. W. Peters, G. Weinreich 1961 Phys. Rev. Lett. 7 118. 
[21] M. Kozierowski and R. Tanas 1997 Opt. Commun. 21 229. 
[22] Francis A. Jenkins and Harvey E. White, Fundamentals of Optics  (Fourth Edition), McGraw-Hill 
International Edition Physics Series 1981, p.14; Richard P. Feynman, Robert B. Leighton and 
Matthew Sands, The Feynman Lectures on Physics, Vol. 1, pp. 317-318 (Narosa Publishing 
House, Eleventh Reprint 2003, New Delhi); Ajoy Ghatak, Optics, Tata McGraw-Hill Publishing 
Co. Ltd., p.229. 
[23] M. Fox, Optical Properties of Solids (Oxford, 2001). 
[24] M. G. Raymer and K. Srinivasan 2012 Physics Today 65 32-37. 
[25] G. Masada 2014 Tamagawa University Quantum ICT Research Institute Bulletin 4 19-22. 
 
 
 
 
 
 
 
 
 
 
Caption for figure: 
Fig. 1. Scheme of mode transformations via beam splitter with second-order nonlinearity  (BSSN).  
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